Baire-one function and one of the following conditions holds:
Introduction
In 1907, J. Young showed [16] that for a Baire-one function f : R → R, the Darboux property is equivalent to the following property: for every x ∈ R there exist (x n ) ∞ n=1 and (y n ) ∞ n=1 such that x n ↑ x, y n ↓ x and lim n→∞ f (x n ) = lim n→∞ connected graph is equivalent to being a connectivity function (see definition in Section 2). M. Hagan [10] and G. Whyburn [15] showed that a function f : R n → R for n > 1 is connectivity if and only if f is peripherally continuous.
J. Farková in [8] introduced a similar property to the Young property: a function f : X → Y between metric spaces X and Y has the property A if for any open connected non-trivial set G ⊆ X and a point x ∈ G there exists a sequence (x n ) ∞ n=1 , x n ∈ G \ {x}, such that lim n→∞ x n = x and lim n→∞ f (x n ) = f (x). She proved that for X = R every Darboux function has the property A, but for X = R 2 this is not true. Moreover, Farková showed that if X is a connected and locally connected complete metric space, Y is a separable metric space and f : X → Y is a Baire-one function having the property A, then f has a connected graph.
Recently, K. Kellum [11] introduced and investigated properties of Gibson and weakly Gibson real-valued functions (see Definition 3.1) defined on a connected space. Some properties of Gibson functions (in particular, Darboux-like properties or continuity of Baire-one Gibson functions) are also studied by M. J. Evans and P. D. Humke in [7] .
In this work we introduce a strong Gibson property (see Definition 3.1) which is equivalent to the property A for a function between metric spaces. In Section 3 we study how weak and strong Gibson properties connect with the property of peripherally continuity and with the Darboux property. In the forth section we consider Baire-one Gibson functions. In Section 5 we introduced segmentary connected functions defined on a topological vector space and investigate some of their properties. Finally, in the sixth section we prove different generalizations of the mentioned result from [8] . We show that if X is a hereditarily Baire space, Y is a metric space and f : X → Y is a Bare-one function, then each of the following conditions is sufficient for f to have a connected graph:
(i) X is a connected and locally connected space and f is weakly Gibson;
(ii) X is an arcwise connected space and f is a Darboux function;
(iii) X is a topological vector space and f is a segmentary connected function.
Preliminaries
We will denote by T (X) and C(X) the collection of all open and connected subsets of a topological space X, respectively. Let G(X) = T (X) ∩ C(X).
Let X and Y be topological spaces and let f : 
The class of all continuous functions between X and Y we denote by C(X, Y ). It is easy to see that
for arbitrary topological spaces X and Y . The basic relations between the classes described above for X = Y = R are given in the following chart.
For the Baire-one functions the chart changes to the following.
For a thorough treatment we refer the reader to [4, 5, 9] .
Topological space X is hereditarily Baire if every closed subset of X is a Baire space.
Topological space X is resolvable if X is a union of two disjoint everywhere dense subsets.
A subset A of topological vector space X is balanced if λA ⊆ A whenever |λ| ≤ 1.
OLENA KARLOVA -VOLODYMYR MYKHAYLYUK
For a function f : X → Y between topological spaces by C(f ) and D(f ) we denote the sets of continuity and discontinuity points of f , respectively.
The Gibson properties and their connection
with the Darboux-like properties
A function f : X → Y has (weak, strong) Gibson property on X if it has such a property at every point of X. Classes of all such functions we denote by wG(X, Y ), G(X, Y ) and sG(X, Y ), respectively.
It is evident that
for any topological spaces X and Y . ÈÖÓÔÓ× Ø ÓÒ 3.2º Let X be a locally connected space such that G(X) is closed under finite intersections and Y be a topological space. Then
which contradicts the fact that f (G ∪ {x}) is connected.
ON GIBSON FUNCTIONS WITH CONNECTED GRAPHS
We will apply the following results to construct a function f : R 2 → R of the first Baire class such that f has the weak Gibson property, but has no strong Gibson property. ÈÖÓÔÓ× Ø ÓÒ 3.5º Let X, Y and Z be topological spaces, f ∈ wG(X, Z) and
P r o o f. Suppose the contrary and choose
. Without loss of the generality we may assume that x n > x 0 for all n ∈ N. Remark that the sets
It is easy to see that there exists y 0 ∈ R such that p 0 = (x 0 , y 0 ) ∈ G and y 0 = f (x 0 ). Then g does not have strong Gibson property at p 0 . Indeed, if (p n ) ∞ n=1 be a sequence of points p n = (x n , y n ) ∈ G with p n → p 0 , then g(p n ) = f (x n ) → y 0 = f (x 0 ) = g(p 0 ), which implies a contradiction.
Propositions 3.5 and 3.6 now lead to the following example.
x if x = 0 and f (x) = 1 if x = 0, and let g :
The following result shows that a strongly Gibson function f : X → Y can be everywhere discontinuous even in the case where X = R.
Choose arbitrary open neighborhoods U and V of x and f (x) in X and Y , respectively. Since
The following lemma will be useful.
Ä ÑÑ 3.12º Let X be a separable resolvable space. Then there exists at most
P r o o f. Let X 1 , X 2 and D be dense subsets of X such that X = X 1 X 2 and |D| ≤ ℵ 0 . Consider the system
P r o o f. It follows from Lemma 3.12 that there exists at most countable set A ⊆ X such that A = X \ A = X. Fix two distinct points y 1 , y 2 ∈ Y and consider a function f : 
On Gibson Baire-one functions
In this section we show that the Gibson property is equivalent to the almost continuity (in the sense of Husain) and prove that every Gibson Baire-one function from a Baire space to a metric space is continuous. Necessity
Sufficiency. Choose any G ∈ T (X), x ∈ fr G and an open neighborhood 
Taking into account that every Baire-one function f : X → Y , where X is a Baire space and Y is a metric space, is pointwise discontinuous, the result below immediately follows from [1: Theorem 2.1] (see also [2: Corollary 1]). We present a proof here for convenience of the reader. From the other hand, X is a Baire space. Then U is of the second category in itself, a contradiction.
Segmentary connected functions
Let X be a vector space. For a, b ∈ X we set
The set [a, b] is said to be a segment in X.
The definition immediately implies that D(X, Y ) ⊆ S(X, Y ) for a topological vector space X and for a topological space Y . It is not difficult to verify that D(X, Y ) = S(X, Y ) if X is a connected subset of R and Y is a topological space.
ON GIBSON FUNCTIONS WITH CONNECTED GRAPHS
P r o o f. Consider two logarithmic spirals S 1 ⊆ R 2 and S 2 ⊆ R 2 , which in polar coordinates can be written as = e ϕ and = 2e ϕ , respectively. Set p 0 = (0, 0). Since S 1 and S 2 are closed in X = R 2 \ {p 0 } and disjoint, there exists such a continuous function α :
if p = p 0 , and f (p 0 ) = 1.
We prove that f ∈ S( 1] . Thus, f is segmentary connected.
We 1 2 ]. Therefore, f does not satisfy the weak Gibson property at p 0 .
We will need the following two auxiliary facts.
is connected for every i ∈ I, and for each two points x 1 , x 2 ∈ A there exists a finite set of indexes i 1 , . . . , i n ∈ I such that Remark that Proposition 3.9 implies that wG(R, Y ) \ S(R, Y ) = ∅ for every
However, the following result shows that if a function f ∈ wG(X, Y ) has "many" points of continuity, then it is segmentary connected. 
Baire-one functions with connected graphs
Ì ÓÖ Ñ 6.1º Let X be a connected and locally connected space, Y be a topological space and let f : X → Y be a weakly Gibson barely continuous function. Then
(1) f ∈ CG(X, Y );
(2) f ∈ wD(X, Y ).
P r o o f.
(1). Suppose, contrary to our claim, that Gr(f ) = Γ 1 Γ 2 , where Γ 1 and Γ 2 are closed and open in Gr(f ). For i = 1, 2 write X i = x ∈ X : (x, f (x)) ∈ Γ i . Clearly, X = X 1 X 2 . As X is connected we have F = X 1 ∩ X 2 is nonempty. Since f is barely continuous, there exists x 0 ∈ C(f | F ). We may assume that
Notice that the continuity of f | F at x 0 and the locally connectedness of X imply that we can choose U such that f
(2). Let G ∈ G(X). Obviously, the restriction f | G has the weak Gibson property and is barely continuous on G.
Since G is open in X, it is locally connected. Then (1) 
Since A x is homeomorphic to [0, 1], it is connected and locally connected. Then Theorem 6.1 (1) 
For every x ∈ X 0 the set Gr(g x ) is connected. Moreover,
Gr(g x ). Hence, Gr(f ) is a connected set.
Since every Baire-one function between a hereditarily Baire space and a metric space is barely continuous [3: p. 125], we have the following corollary from Theorem 6.1 and Theorem 6.2.
Ì ÓÖ Ñ 6.3º Let X be a hereditarily Baire space, Y be a metric space and If X = Y = R, then the conditions (1), (2) and (3) of Theorem 6.3 are equivalent. If X = R n (n ≥ 2), Y = R, then (2) =⇒ (1) and (2) =⇒ (3). Example 5.2 gives (3) =⇒ (1) and, consequently, (3) =⇒ (2). Proposition 6.4 below shows, in particular, that (1) =⇒ (3) and, consequently, (1) =⇒ (2) .
n=1 be a sequence of rectangles P n = (a n , b n ) × (c n , d n ) with the following properties:
(1) P n ∩ (x, 0) : x ∈ R = ∅ for every n ∈ N;
(2) P n ∩ P m = ∅ for distinct m, n ∈ N;
(4) lim n→∞ diam P n = 0.
We will show that for every nonempty set G ∈ G(R 2 ) there exists such an n ∈ N that either P n ⊆ G, or G ⊆ P n . Indeed, fix any nonempty open connected set G ⊆ R 2 . If G ⊆ A then choosing n ∈ N such that G∩P n = ∅, we have G ⊆ P n since G is connected. Now denote B = R 2 \ A and assume that G ∩ B = ∅. Take p 0 ∈ G ∩ B and δ > 0 such that
∈ P n and diam P n > δ . Then |N 1 | < ℵ 0 and there exists δ 1 < δ such that K 2 ∩ ( n∈N 1 P n ) = ∅, where K 2 = p ∈ R 2 : d(p, p 0 ) < δ 1 .
Denote N 2 = n ∈ N : p 0 ∈ P n . Remark that |N 2 | ≤ 1 according to (2) . Then, taking into account that p 0 / ∈ n∈N 2 P n , we have G 1 = K 2 \ ( n∈N 2 P n ) is nonempty set. Since B is nowhere dense in R 2 , there exists such a number n ON GIBSON FUNCTIONS WITH CONNECTED GRAPHS that P n ∩ G 1 = ∅. Since n / ∈ N 1 ∪ N 2 , diam P n ≤ δ. Choose p 1 ∈ P n ∩ G 1 . Then for every p ∈ P n d(p, p 0 ) ≤ d(p, p 1 ) + d(p 1 , p 0 ) ≤ δ + δ 1 < 2δ. Therefore, P n ⊆ K 1 ⊆ G.
For every n ∈ N we consider a continuous function f n : P n → [0, 1] such that f n (P n ) = (0, 1] and f n (fr P n ) = {0}. Define a function f : . Thus, f / ∈ S(R 2 , R). Finally, we will prove that f ∈ sG(R 2 , R). Let p 0 ∈ R 2 , G ∈ G(R 2 ), p 0 ∈ G and U ⊆ R 2 is an open neighborhood of p 0 . If p 0 ∈ A then the continuity of f at p 0 implies that f (p 0 ) ∈ f (U ∩ G). Now assume p 0 ∈ B. If there exists such an n ∈ N that p 0 ∈ G ∩ P n , then p 0 ∈ U ∩ G ∩ P n and the continuity of f | P n implies that f (p 0 ) ∈ f (U ∩ G ∩ P n ), besides, f (p 0 ) ∈ f (U ∩ G).
We will show that there is p 1 ∈ U ∩ G ∩ B if p 0 / ∈ G ∩ P n for every n ∈ N. Choose δ > 0 such that p ∈ R 2 : d(p, p 0 ) < 2δ ⊆ U . Since p 0 / ∈ G ∩ P n for all n ∈ N, it follows from (4) that p 0 / ∈ diam(P n )>δ G ∩ P n . Taking into account that p 0 ∈ G, we obtain that the set k ∈ N : G ∩ P n ∩ U = ∅ is infinite. Take n ∈ N such that diam P n < δ and there is p ∈ P n ∩ G with d(p, p 0 ) < δ. Then P n ⊆ U . Notice that P n ∩ G is open nonempty subset of the connected set G which is not coincide with G. Then P n ∩ G is not closed in G. Therefore, there exists p 1 ∈ fr P n ∩ G ⊆ U ∩ G ∩ B. Let G 1 is a component of p 1 in G ∩ U . Since p 1 / ∈ A, G 1 ⊆ P m for every m ∈ N. Thus, from what has already been proved, it follows that there exists such a number m that P m ⊆ G 1 . Then
Hence, f is strongly Gibson.
